Introduction and preliminaries {#Sec1}
==============================

Results and applications on fuzzy sets in several research disciplines are abundant in the background literature on the field. Related studies have been performed, for instance, in Schweizer and Sklar ([@CR40]), George and Veeramani ([@CR26], [@CR27]) and Grabiec ([@CR28]), Heilpern ([@CR30]), Vetro and Salimi ([@CR42]), Gregori and Sapena ([@CR29]) and references therein in the context of fuzzy metric spaces since its first introduction and formalization by Zadeh ([@CR43]). In particular, a good background on statistical metric spaces is given in Schweizer and Sklar ([@CR40]) while some basic results for the analysis of fuzzy metric spaces are given in George and Veeramani ([@CR26], [@CR27]), Gregori and Sapena ([@CR29]) including the characterization of fixed points. Among the performed research on the subject, important effort has been devoted to the investigation of the existence and uniqueness of fixed points, best proximity points in cyclic mappings, proximal mappings and partially ordered sets (Vetro and Salimi [@CR42]; Basha [@CR8]; Mongkolkeha et al. [@CR34]; Vetro [@CR41]; De la Sen et al. [@CR20], [@CR22]; Gabeleh [@CR25]; Rezapour et al. [@CR38]; Al-Thagafi and Shahzad [@CR3]), and also in probabilistic metric spaces (De la Sen and Karapinar [@CR15]; De la Sen and Ibeas [@CR17], [@CR18]). The study of fuzzy fixed points and its properties has been addressed in Grabiec ([@CR28]), Heilpern ([@CR30]), Gregori and Sapena ([@CR29]), Azam and Beg ([@CR4]), De la Sen et al. ([@CR22]), Rashid et al. ([@CR37]), Chauan et al. ([@CR10]), that of fuzzy best proximity points in De la Sen et al. ([@CR22]), those of common fuzzy fixed points in Azam and Beg ([@CR4]), Cho et al. ([@CR13]), Abbas et al. ([@CR1]), Phiangsungnoen et al. ([@CR36]), Chauan et al. ([@CR9], [@CR12]) and optimal fuzzy best proximity or coincidence points (Basha [@CR6]; Azam and Beg [@CR4]; Cho et al. [@CR13]; Abbas et al. [@CR1]; Phiangsungnoen et al. [@CR36]; Chauan et al. [@CR9], [@CR12]). On the other hand, a detailed research devoted to related properties of convergence of sequences to those relevant points. There are also studies devoted to such topics in classical metric spaces and Banach spaces, not necessarily under the fuzzy formalism, including a lot of research on contractive and non-expansive mappings, self-mappings and, in particular, on cyclic contractive and proximal mappings. See, for instance (Rezapour et al. [@CR38]; Al-Thagafi and Shahzad [@CR3]; Derafshpour et al. [@CR24]; De la Sen and Karapinar [@CR15]; De la Sen et al. [@CR21]), and there are also recent studies on the generalizations and comparison of several types of contractions in Khojasteh et al. ([@CR31]) with the introduction of the so-called simulation function. Fixed point theory is also relevant to the stability properties of some iterative schemes or that of dynamic systems (De la Sen and Karapinar [@CR15]; De la Sen and Ibeas [@CR15], [@CR17]; De la Sen et al. [@CR23]), as an alternative mathematical tool to other classical technique like, for instance, the analysis of Lyapunov stability or hyperstability. See, for instance Se la Sen et al. ([@CR19], [@CR23]), De la Sen ([@CR14]), Marchenko ([@CR32], [@CR33]). It can be pointed out that recent work in fuzzy metric spaces and probabilistic metric spaces can be found in Grabiec ([@CR28]), Cho et al. ([@CR13]) and Rashid et al. ([@CR9], [@CR10], [@CR12], [@CR37]), respectively. Also, in Khojasteh et al. ([@CR31]), the so-called simulation function is introduced and discussed related to a new special generalized contraction which generalizes the Banach contraction and unifies several previously known types of contractions.

There are certain real- life problems for which fixed points, best proximity points, optimal coincidence points or optimal best proximity coincidence points do not exist so that their approximate counterparts are looked for in order to have an approximate solution of the problem at hand. We recall the following basic concepts:
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The various above concepts can be extended to the "fuzzy" formalism when dealing with fuzzy metric spaces.
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Some technical definitions to be then used follow below:

### **Definition 1** (Schweizer and Sklar [@CR40]) {#FPar1}
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The formalism of fuzzy sets was proposed by Zadeh in a general context (Zadeh [@CR43]). The concept of fuzzy metric spaces has been generalized by using continuous *t*-norms in George and Veeramani ([@CR26], [@CR27]). The following formal definition of fuzzy sets on non-Archimedean fuzzy metric spaces will be then used through this manuscript:

### **Definition 2** (George and Veeramani [@CR26], [@CR27]) {#FPar2}
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If the condition (iv) of Definition 2 is replaced with $\documentclass[12pt]{minimal}
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### **Definition 3** (Vetro [@CR41]) {#FPar3}

Let *A* and *B* be two nonempty subsets of a non-Archimedean fuzzy metric space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X,M, * )$$\end{document}$. Define the sets *A*~0~(*t*) and *B*~0~(*t*) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} & A_{0} (t) = \left\{ {x \in A:M(x,y,t) = M(A,B,t)\,{\text{for}}\;{\text{some}}\;y \in B} \right\}, \\ & B_{0} (t) = \left\{ {y \in B:M(x,y,t) = M(A,B,t)\,{\text{for}}\;{\text{some}}\;x \in A} \right\} \\ \end{aligned}$$\end{document}$$
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Optimal fuzzy best proximity coincidence points in partially ordered non-Archimedean fuzzy metric spaces for fuzzy order preserving proximal *Ψ*(*σ*, *α*)-lower-bounding mappings {#Sec3}
==================================================================================================================================================================================
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The contractions of Definition 7 are sometimes referred to as being contractions of type II (Abbas et al. [@CR2]).
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**Definition 11** (Vetro and Salimi [@CR42]; Gregori and Sapena [@CR29]) {#FPar11}
------------------------------------------------------------------------
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The main result of this section is the subsequent one:

**Theorem 12** {#FPar12}
--------------
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*Proof* {#FPar13}
-------
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**Definition 13** {#FPar16}
-----------------

Let *A* and *B* be two nonempty subsets of a non-Archimedean fuzzy metric space $\documentclass[12pt]{minimal}
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We can get the subsequent Corollary to Theorem 12:

**Corollary 14** {#FPar17}
----------------

Theorem 12 *holds* "*mutatis*-*mutandis*" *if B is fuzzy approximatively compact with respect to A* (*even if*$\documentclass[12pt]{minimal}
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*Proof* {#FPar18}
-------

The hypothesis of Theorem 12 still hold except that $\documentclass[12pt]{minimal}
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Theorem 12 and Corollary 14 also hold if $\documentclass[12pt]{minimal}
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**Definition 15** {#FPar19}
-----------------

Let
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**Theorem 16** {#FPar20}
--------------
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                \begin{document}$$g:A \to A$$\end{document}$*be surjective, fuzzy non*-*contractive and inverse monotone mapping such that, for any x*, *y* $\documentclass[12pt]{minimal}
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----------------
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The following result, which is a consequence of Theorem 16 and Corollary 17, is of interest for its use in real situations:
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**Corollary 19** {#FPar25}
----------------

Corollary 18 *holds, under the same assumptions, if* ([12](#Equ12){ref-type=""}) *is replaced with*:$$\documentclass[12pt]{minimal}
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*Sketch of proof* {#FPar26}
-----------------
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**Corollary 20** {#FPar27}
----------------

Corollaries 18 and 19 *also hold, under the same assumptions, if there is some strictly increasing sequence of marked switching points*$\documentclass[12pt]{minimal}
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*Sketch of proof* {#FPar28}
-----------------
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*Remark 21* {#FPar29}
-----------

Note that *p*, such that ∞ ≥ *p* ≥ 1, in Corollary 18 is the number of available configurations for switching, i.e. the "switching" is reflected in the inequalities related to the mapping $\documentclass[12pt]{minimal}
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*Remark 22* {#FPar30}
-----------
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Examples and associate particular results {#Sec4}
=========================================

Three worked examples are given in this section which are related to two useful applications related, in particular, to stabilization of switched fuzzy discrete dynamic systems and to best approximation of resolution of equations in linear algebra. Some "ad hoc" specific related results are also established and proved.

*Example 23* {#FPar31}
------------
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The following particular result of Proposition 24 for Example 23 is relevant in practical cases for this problem under conditions of positivity and decreasing conditions of the solution.

*Example 25* {#FPar34}
------------
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------------------
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*Example 27* (Generalized matrix inversion to calculate optimal approximate solutions) {#FPar37}
--------------------------------------------------------------------------------------
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**Theorem 28** {#FPar38}
--------------
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The existence, uniqueness and limit properties for proximal sequences of optimal fuzzy best proximity coincidence points have been investigated for pairs of mappings defining proximal sequences $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ (g_{n} ,T_{n} )\}$$\end{document}$, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g:A \to A$$\end{document}$ being surjective and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T:A \to B$$\end{document}$, where *A* and *B*are nonempty subsets of a nonempty set *X*. The best proximity coincidence points are defined in partially ordered non-Archimedean fuzzy metric spaces $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(X,M, * ,\underline{ \prec } )$$\end{document}$ for so-called fuzzy order preserving proximal *Ψ*(*σ*, *α*)-lower-bounding mappings where \* is a triangular norm, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\underline{ \prec }$$\end{document}$ is an ordering relation and *M*is a fuzzy set which evolves according to a switching rule $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ \sigma_{n} \} \subset \varvec{Z}_{ + }$$\end{document}$. The concerned fuzzy sets have been interpreted, in the general case, as sequences defined depending of the switching rules. Also, three application examples are described concerned with: (a) switched stabilization of fuzzy discrete dynamic systems, and (b) best approximations of resolution of equations in linear algebra. Some "ad hoc" specific related results for the examples are also given and proved. The proposed formalism seems to be also of usefulness for extensions of studies of stability and stabilization and for proximal approaches in the fuzzy framework.
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